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Abstract

Modern techniques generate highly densely observed functional data that exhibit

complex local variation patterns. To build the scalar-on-function or function-on-

function linear regression model for such data, we consider general coefficient functions

that can be smooth, nonsmooth, or even discontinuous. The usual smoothness mea-

sures, such as the integral of a squared derivative, may not be suitable to differentiate

the roughness of these functions. We propose a family of new roughness measures

based on the moduli of continuity and wavelet transformation for these general func-

tions. Using new roughness measures, we propose new regularization and estimation

methods for the scalar-on-function and function-on-function models with highly densely

observed functional variables. Simulation studies and real data applications illustrate

that the new methods have good performance for various coefficient functions and

predictor curves. Compared to the smoothness regularization and sparsity regulariza-

tion, the new regularization is particularly efficient for highly densely spiky functional

data. The proposed new regression methods have been implemented in the R package

FRegSigCom.

Key Words: highly densely observed functional data, roughness measure, regularization,

wavelet basis.
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1 Introduction

Modern techniques can generate highly densely observed functional data with hundreds or

even thousands of observation points. For example, the spectrum curves of Raman spec-

troscopy contain a number of narrow and high peaks, whereas the electroencephalography

(EEG) time series curves exhibit high local variations over the whole time interval. The

highly dense observations allow the display of complex local variation patterns in these data.

In this paper, we will consider two types of linear functional regression models for highly

densely observed functional data: the scalar-on-function linear regression

Y = µ+

p∑
j=1

∫ 1

0

Xj(s)βj(s)ds+ ε, (1.1)

and the function-on-function linear regression

Y (t) = β0(t) +

p∑
j=1

∫ 1

0

Xj(s)βj(s, t)ds+ ε(t), 0 ≤ t ≤ 1. (1.2)

where both Xj(s)’s and Y (t) are assumed to be highly densely observed. Without loss of

generality, we assume that the domains of Xj(s) and Y (t) are [0, 1], and Xj(s)’s have mean

zero, 1 ≤ j ≤ p.

In existing methods proposed for these two types of functional regression models, main

focus is on the functional data with relatively small number of observation points, and

smooth assumption is usually made for the coefficient functions βj(s)’s and βj(s, t)’s. Some

of these approaches use kernel methods, and others represent the coefficient functions by basis

expansion and impose smoothness penalty, such as Ramsay and Dalzell (1991), Silverman

(1996), Cardot et al. (1999), James et al. (2000), Cardot et al. (2003), Ramsay and Silverman

(2005), and Goldsmith et al. (2011) for scalar-on-function linear regression, and Ramsay and

Dalzell (1991), Ramsay and Silverman (2005), Wu and Müller (2011), Wang (2014), Ivanescu

et al. (2014), Scheipl et al. (2015), and Luo and Qi (2017) for function-on-function linear

regression.

For highly densely observed data, in some situations, the coefficient functions in models

(1.1) and (1.2) can be properly assumed to be smooth. But in many cases, such as the

spectrum data and the EEG data, it is more likely that these coefficient functions have
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complicated local variations, which has been illustrated by our real data applications. In

the later situations, restricting the coefficient functions to be smooth would be inefficient

to capture the details of their local variations and reduce the estimation and prediction

accuracy. Therefore, in this paper, we will consider more general coefficients functions, and

allow them to be smooth, nonsmooth, or even discontinuous. The usual smoothness measure,

such as the squared L2 norm of a derivative of a function, may not be available for nonsmooth

functions. Even if the squared L2 norm of a derivative exists for some of these functions, it

may not be able to differentiate their roughness as illustrated in Section 2. We will propose a

family of new roughness measures based on the moduli of continuity and wavelet expansion.

This family can be applied to both smooth and nonsmooth functions, and is particularly

suitable for complicated and nonsmooth functions. For smooth functions, the squared L2

norms of derivatives can be viewed as a special case in this family.

For the scalar-on-function linear model (1.1), we propose a penalized least squares method

to estimate the coefficient functions with a new penalty based on our new roughness mea-

sures. For the function-on-function linear model (1.2), we adopt the dimension reduction

approach proposed in Luo and Qi (2017) which has the smallest prediction error among

all dimension reductions of the same forms. We propose penalized optimization problems

to estimate this dimension reduction with new roughness regularity. Extensive simulation

studies and real data applications show that these new methods have good performance for

both smooth and nonsmooth coefficient and predictor curves. Especially for highly densely

spiky data, the new regularization is more efficient than the smoothness regularization and

sparsity regularization. These new methods for the two types of regression models have been

implemented in the R package FRegSigCom.

Although our new methods use the wavelet basis functions, it is different from the existing

wavelet-based functional regression methods, such as Brown et al. (2001), Zhao et al. (2012),

Zhao et al. (2015) and Reiss et al. (2015) for scalar-on-function linear regression, Meyer

et al. (2015) for function-on-function hierarchical models, and Luo et al. (2016) for function-

on-function linear regression. These methods first conduct wavelet transformation for the

predictor curves (and the response curves in some of them), and then fit the model using

these wavelet coefficients and various sparse regularization. Our new method differs from
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these methods in the following ways. First, these existing methods assume sparsity for

wavelet coefficients of predictor functions (and response functions in some of them). The

typical examples of functions satisfying this sparsity assumption include smooth functions

and smooth functions with some jump discontinuities (see Section 3.2 of Nason (2010)).

However, as mentioned in Section 1.2 of Nason (2010), the wavelet coefficient vector of a

function is not always sparse. For example, the EEG time series curves exhibit large local

variations over the whole time interval. Our approach does not focus on particular properties

of wavelet coefficient vector, such as sparsity, and we do not need to make these assumptions.

Instead, we are interested in differentiating the roughness levels of various general functions.

Our roughness measure can be better expressed in terms of wavelet coefficients, which is

the main reason we choose the wavelet basis. Second, in terms of penalty, these methods

use sparse penalties such as the Lasso or weighted Lasso which involve the unweighted or

weighted l1 norm of wavelet coefficient vector, whereas we use a special weighted l2 norm.

Third, these methods usually use the fast wavelet transformation (FWT), whereas we do

not use FWT. We use the wavelet basis in the same way as the B-spline basis used in the

functional data analysis.

The rest of this paper is organized as follows. We introduce our new family of roughness

measures in Section 2. We propose new methods for the scalar-on-function linear model (1.1)

and the function-on-function linear model (1.2) for highly densely observed functional data

in Sections 3 and 4, respectively. Simulation studies and two real data analysis are provided

in Sections 5 and 6, respectively. We summarize this paper in Section 7.

2 A new family of roughness measures

In current methods for linear functional regression, coefficient functions are usually assumed

to be smooth. For smooth functions, the squared L2 norms of derivatives are usually used

as roughness measures. In this paper, instead of limiting to smooth functions, we allow the

coefficient functions to be smooth, nonsmooth, or even discontinuous. When the coefficient

function is not smooth, its derivative may not exist or may not be square integrable. Even

if the L2 norm of its derivative exists, it may not be a good measure of roughness. To
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illustrate this, we consider three step functions, β1(s), β2(s) and β3(s), which are shown in

the upper panel of Figure 1. Intuitively, β1(s) is the roughest and β2(s) is rougher than

β3(s). However, all of them have zero derivative of any order except a finite number of

points. So the squared L2 norm of the derivatives of β1(s), β2(s) and β3(s) are all equal to

zero, and cannot distinguish the roughness levels of these three functions. This is because

the derivative at a time point is the limit behavior of the variations in an interval around

this time point as the interval length goes to zero. So instead of using the limit behavior,

we will consider the variations in finite subintervals and combine the information over all

subintervals.

One choice for the measure of variations in finite intervals is the moduli of continuity.

Denote ∆hβ(s) = β(s+h)−β(s) as the finite difference of β(s), where h is a scalar satisfying

0 ≤ s, s+ h ≤ 1. The moduli of continuity of β(s) is defined as

ω(β, r) = sup
|h|≤r
‖∆hβ‖L2 = sup

|h|≤r

{√∫
0≤s,s+h≤1

{β(s+ h)− β(s)}2 ds

}
, (2.1)

where 0 < r < 1. Given r, ω(β, r) measures the variations of β(s) in all subintervals with

length not exceeding r. For properties of moduli of continuity, we refer the reader to Chapter

9 in Härdle et al. (2012). When β(s) is smooth, we have limh→0 ∆hβ(s)/h = β′(s) for any

0 < s < 1, and hence limr→0 ω(β, r)/r = ‖β′‖L2 . So for a small r, ω(β, r)2/r2 is close to the

squared L2 norm of the first derivative of β(s) and can be used to differentiate the roughness

of smooth functions. But when β(s) is not smooth, instead of r2, ω(β, r)2 could have different

order rδ for some 0 < δ < 2. So we consider a general ratio, ω(β, r)2/rδ, where δ can be any

positive number. For the three step functions βi(t)’s in Figure 1, we plot log10

{
ω(βi, r)

2/rδ
}

versus r in the middle panel of Figure 1 for δ = 2, 1, and 0.5, respectively. For each δ and

0 < r < 1, we have ω(β1, r)
2/rδ ≥ ω(β2, r)

2/rδ ≥ ω(β3, r)
2/rδ, which coincides with our

observation that β1(s) is the roughest and β2(s) is rougher than β3(s). However, the moduli

of continuity has a major drawback. To estimate the unknown coefficient function β(s) in a

regression model, we usually represent it with basis expansion. But ω(β, r) is a complicated

function of the unknown coefficient vector of the expansion, which leads to great difficulty in

estimation. In the following, we will define a family of roughness measures based on wavelet

transformation which is related to ω(β, r)2/rδ.
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Let ψ(x) be a wavelet function and ϕ(x) be a scaling function. In this paper, we choose

the Daubechies’ extremal phase wavelet and scaling functions with a positive number of

vanishing moments denoted by M . Then both ψ(x) and ϕ(x) have the support interval

[0, D], where D = 2M − 1 (Chapters 5 and 6 in Daubechies (1992) and Sections 2.3 and 2.4

in Nason (2010)). The following functions form a complete orthonormal basis of L2(R),

ψjk(s) = 2j/2ψ(2js− k), ϕk(s) = ϕ(s− k), j = 0, 1, 2, . . . , k = 0,±1,±2 . . . , (2.2)

where the indices j and k represent the dilation and translation, respectively. The basis

function ψjk(s) with a larger j has a smaller support interval and a finer resolution. Ex-

tending β(s) ∈ L2[0, 1] to the whole real line by setting β(s) = 0 for s /∈ [0, 1], we have the

wavelet expansion

β(s) =
∑
k∈Z

akϕk(s) +
∑
j≥0

∑
k∈Z

bjkψjk(s), (2.3)

where ak =
∫∞
−∞ β(s)ϕk(s)ds and bjk =

∫∞
−∞ β(s)ψjk(s)ds are wavelet coefficients. Since

β(s) = 0 for s /∈ [0, 1], if the support interval of ψjk(s) does not have overlap with [0, 1], we

have bjk = 0. For any j > 0, let Kj denote the collection of all index k satisfying that the

support interval of ψjk(s) has overlap with [0, 1]. For any j > 0 and any α > 0, we define

I(β(s), α, j) = 22αj
∑
k∈Kj

b2
jk. (2.4)

To see the connection between I(β(s), α, j) and the variations in β(s), we calculate

2αjbjk = 2αj
∫ ∞
−∞

β(s)ψjk(s)ds = 2(α−1/2)j

∫ D

0

β(2−jt+ 2−jk)ψ(t)dt

= 2(α−1/2)j

∫ D

0

{
β(2−jt+ 2−jk)− β(2−jk)

}
ψ(t)dt

= D(α+1/2)

∫ r

0

{
β(u+ 2−jk)− β(2−jk)

}
ψ(2ju)du/r(α+1/2), with r = 2−jD, (2.5)

where we change variables twice, s = 2−j(t + k) and u = 2−jt, and in the second line, we

use the vanishing moment property
∫ D

0
ψ(t)dt =

∫∞
−∞ ψ(t)dt = 0. The integral in the third

line of (2.5) can be viewed as a weighted average of variations of β(s) in [2−jk, 2−j(k +D)].

So 2αjbjk is proportional to weighted average of variations of β(s) in [2−jk, 2−j(k + D)]
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divided by a power of the size of this subinterval which depends on the index j. The

quantity I(β(s), α, j) is the sum of (2αjbjk)
2 over all similar subintervals indexed by k. In

the following proposition, we provide the relationship between I(β(s), α, j) and ω(β, r)2/rδ,

and the relationship between I(β(s), α, j) and the L2 norms of the derivatives of β(s) when

β(s) is smooth.

Proposition 2.1. Let M denote the number of vanishing moments of the Daubechies’ wavelet

function ψ(x) whose support is [0, D], where D = 2M − 1.

(a). For j ≥ 0, we have

I(β(s), α, j) ≤ K1
ω(β, 2−jD)2

(2−jD)2α
, (2.6)

where K1 is a constant only depending on ψ(x) and α.

(b). If β(s) has continuous derivative of order M + 1 on [0, 1], we have

lim
j→∞

I(β(s),M + 1, j) = K2

∫ 1

0

{
β(M+1)(s)

}2
ds, (2.7)

where K2 is a constant only depending on ψ(x) and M .

For any positive integer M , there exist Daubechies’ wavelet and scaling functions with M

vanishing moments. Part (b) in Proposition 2.1 shows that I(β(s),M+1, j) can approximate

the L2 norm of the derivative of order M + 1 of β(s) with a large value j. Part (a) in

Proposition 2.1 indicates that if β(s) is less rough under the measure of ω(β, r)2/r2α at

r = 2−jD, then I(β(s), α, j) also has a small value. For the three step functions shown

in the top panel of Figure 1, we draw log10 {I(β(s), α, j)} versus j with 4 ≤ j ≤ 11 and

α = 2, 1, 0.5 in the bottom panel of Figure 1. For each α and j, we have I(β1(s), α, j) ≥

I(β2(s), α, j) ≥ I(β3(s), α, j). Given α, the I(β(s), α, j) are more separated for certain values

of j. For example, when α = 0.5, I(βi(s), α, j) are more separated when 6 ≤ j ≤ 9. So we

may use
∑9

j=6 I(β(s), 0.5, j) as a roughness measure to differentiate the three step functions.

In general, we consider the family
∑J1

j=J0
I(β(s), α, j) as roughness measures for β(s), and

this family is indexed by α > 0 and two positive integers J0 < J1. By Proposition 2.1(b), the

usual smoothness measure, the L2 norm of a derivative of β(s), can be viewed as a special

case of this family of roughness measures.
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3 Scalar-on-function regression

To simplify notation, we consider the scalar-on-function regression model with a single pre-

dictor curve (p = 1): yi = µ +
∫ 1

0
Xi(s)β(s)ds + εi, 1 ≤ i ≤ n, where (yi, Xi(s))’s are

independent sample observations. We assume that Xi(s)’s are highly densely observed, and

β(s) ∈ L2[0, 1] can be smooth, nonsmooth, and even discontinuous. We will propose an

estimation method for β(s) based on the new roughness measures defined in Section 2. The

proposed method can be directly extended to general cases with p > 1.

3.1 Penalized least squares with a new roughness penalty

We propose to estimate the coefficient function β(s) by solving the following penalized least

square problem

min
ν,γ(s)

[
n∑
i=1

{
yi − ν −

∫ 1

0

Xi(s)γ(s)ds

}2

+ P (γ)

]
, (3.1)

where the minimum is over all scalars ν and all functions γ(s) ∈ L2[0, 1], and P (γ) is a penalty

imposed on γ(s). The specific form of P (γ) will be given below. In smoothing methods

of functional data analysis, people often consider the penalty of the form λ‖γ′′‖2 with a

tuning parameter λ > 0. This smoothing penalty reduces dimension by implicitly excluding

rougher functions which have larger values of the roughness measure ‖γ′′‖2. Motivated by

this idea and based on the new roughness measures introduced in Section 2, we introduce a

new penalty. As our new roughness measures are defined using wavelet coefficients, we will

express our new penalty in terms of wavelet coefficients.

For the γ(s) in (3.1), we expand γ(s) =
∑

k∈Z akϕk(s) +
∑J1

j=0

∑
k∈Z bjkψjk(s) =∑

k∈K0
akϕk(s) +

∑J1
j=0

∑
k∈Kj bjkψjk(s). In practice, we truncate the wavelet expansion

after the resolution level J1. Given 0 ≤ j ≤ J1, recall that Kj is the collection of all index k

satisfying that the support interval of ψjk(s) has overlap with [0, 1]. Note that when j = 0,

ϕk(s) has the same support as ψ0k(s). Since γ(s) = 0 for all s /∈ [0, 1], we have bjk = 0 if

k /∈ Kj. Let bj be the vector of {bjk, k ∈ Kj}, and a0 be the vector of {ak, k ∈ K0}. Let

b = (aT
0 ,b

T
1 , . . . ,b

T
J1

)T. As all the wavelet coefficients not in b are equal to zero, we have

γ(s) = Ψ(s)Tb, where Ψ(s) is the vector of wavelet basis functions corresponding to the
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coefficients in b. We first consider the penalty of the form

P (γ) = λ

J1∑
j=J0

22αj‖bj‖2
2 + κ‖b‖2

2. (3.2)

The first term in (3.2) is the roughness measure multiplied by a tuning parameter λ. It serves

to reduce dimension by excluding functions with large values of the roughness measure. The

indices α, J0 and J1 in the family are viewed as tuning parameters, that is, a specific

roughness measure is adaptively chosen from the family based on data. If J0 > 0, some

wavelet coefficients in b are not involved in the first term. In this case, if the penalty only

has the first term, the solution to the corresponding penalized least squares problem may

not be unique and the magnitudes of some wavelet coefficients can be large. So we add

the second term κ‖b‖2
2 which, similar to the ridge penalty, restricts the magnitudes of the

estimated coefficients and leads to the uniqueness of the solution. Then the penalized least

square problem (3.1) with penalty (3.2) satisfies the identifiability condition in practice as

defined in Scheipl et al. (2016).

However, the penalty (3.2) has five tuning parameters: λ, κ, α, J0, and J1, which can

lead to heavy computational load and instability in selecting tuning parameters. We will

modify the penalty (3.2) by reducing the number of tuning parameters and replacing J0 with

continuous parameters. To do that, we write the first part of the penalty as

λ

J1∑
j=J0

22αj‖bj‖2
2 = λ

J1∑
j=0

ρ(j)22αj‖bj‖2
2, (3.3)

where ρ(j) = I[j≥J0] is the indicator function, and can be viewed as a weight function which

only assigns positive weight to a large j. We replace ρ(j) by ρ1(j) = 2−2αe−(j−τ)/α
which

assigns weights in a similar pattern as ρ(j), but in a continuous way, where τ is a continuous

parameter, and J0 in ρ(j) is dropped in ρ1(j). In Figure 2, we draw ρ1(t) and ρ(t) (for

convenience, we view them as functions of a continuous t), where we fix J0 = 4 and J1 = 8

in ρ(t), and consider different values of α and τ for ρ1(t). When α and τ vary, not only the

relative magnitudes of ρ1(j) for different j’s change, but also the absolute magnitudes. So

we propose the following modified penalty by replacing the λρ(j) with 2−2αe−(j−τ)/α
,

P (γ) =

J1∑
j=0

2−2αe−(j−τ)/α
22αj‖bj‖2

2 + κ‖b‖2
2, (3.4)
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which have four tuning parameters, τ , α, κ and J1. The first three tuning parameters are

continuous, and J1 is the maximum resolution level in the wavelet expansion.

3.2 Computations

In this section, we provide the details for solving (3.1) and choosing tuning parameters. As

mentioned in the introduction Section, we do not use the FWT. Instead, we use the wavelet

basis in the same way as the B-spline basis because of the following reasons. (a) The FWT

requires that the number of observation time points of sample curves is a power of two. When

this condition is not satisfied, as it often occurs in practice, interpolation is usually used,

which introduces additional estimation and prediction errors, especially when the sample

curves are spiky. (b) The estimated coefficient functions using FWT are evaluated only at

the observation time points, whereas our approach can evaluate the estimated functions at

any points as methods using B-splines.

By the definition of the wavelet basis in (2.2), to evaluate any wavelet basis functions,

we just need to evaluate the wavelet function ψ(x) and the scaling function ϕ(x). We use

the Daubechies’ extremal phase wavelet and scaling functions with a positive number of

vanishing moments. A larger number of vanishing moments leads to smoother wavelet basis

functions which are suitable for estimating smooth coefficient functions. On the contrary,

wavelet functions with a smaller number of vanishing moments are better in estimating spiky

coefficient functions. To achieve a balance, based on our empirical experience, we choose

wavelet functions with eight vanishing moments. Since the wavelet function ψ(x) and the

scaling function ϕ(x) do not have explicit expressions, we use the matlab function wavefun

to calculate and save their values at 30,721 equally spaced grid points in [0, 15] which is the

support for both ψ(x) and ϕ(x). The values of these two functions at other points in [0, 15]

are obtained by interpolation using the values at these grid points. Due to the large number

of grid points, the additional errors introduced by this interpolation are negligible compared

to those due to estimation and random noise.

Let y = (y1, . . . , yn)T and X(s) = (X1(s), . . . , Xn(s))T be the vectors of observed response

and observed predictor sample curves, respectively. Recall that γ(s) = Ψ(s)Tb, where b is
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the vector of all possible nonzero wavelet coefficients, and Ψ(s) is the vector of wavelet basis

functions corresponding to b. The penalty in (3.4) can be written as P (γ) = bTKb, where K

is a diagonal matrix with positive diagonal elements. The objective function of the penalized

least squares problem (3.1) can be expressed as

n∑
i=1

{
yi − ν −

∫ 1

0

Xi(s)γ(s)ds

}2

+ P (γ)

=
n∑
i=1

{
yi − ν −

∫ 1

0

Xi(s)Ψ(s)Tbds

}2

+ bTKb

=
n∑
i=1

{
yi − ν − gT

i b
}2

+ bTKb = ‖y − ν1n −Gb‖2
2 + bTKb, (3.5)

where gi =
∫ 1

0
Xi(s)Ψ(s)ds is a vector and G = [g1, · · · ,gn]T is a matrix. Without loss

of generality, we assume that both of yi’s and Xi(s)’s are centered. Then the minimizer of

(3.5) is given by

µ̂ = 0, b̂ = (GTG + K)−1GTy, (3.6)

and the coefficient function β(s) is estimated by β̂(s) = Ψ(s)Tb̂.

We choose the four tuning parameters J1, τ , α and κ using a ten-fold cross-validation

procedure. First, we determine an upper bound Jupper for the maximum level J1 in the

wavelet expansion based on the number of the observation time points, denoted by q. Let

Lm denote the number of wavelet basis functions in Ψ(s) when we only use the basis with

level 0 ≤ j ≤ m. We choose Jupper as the integer m satisfying Lm−1 < q ≤ Lm. For

example, if there are q = 512 or 500 observation time points as in our simulation studies,

Jupper = 8. Next, we partition the whole data set into ten CV sets. The CV procedure

and the candidates values of the four tuning parameters are summarized in the following

Algorithm 1. Finally, we calculate the sum of prediction errors over all ten CV sets for each

set of values of (J1, τ, κ, α) and choose the set with the smallest total prediction error as the

optimal values for the tuning parameters.
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Algorithm 1

1: procedure Cross-validation Procedure

2: for CV set= 1, 2, . . . , 10; do

3: for J1 = 1, 2, . . . , Jupper; do

4: for τ = 0.5, 1, 1.5, , J1 − 1, J1 − 0.5, J1; do

5: for κ = 10−6, 10−4, 10−2, 100, 102; do

6: for α = 0.1, 0.5, 1, 2; do

7: {(1). View the CV set as the validation data and all other obser-

vations as the training data; (2). Use the training data to fit the model and estimate

coefficient function; (3). Calculate the predicted responses and prediction errors using

observations in the validation data. }

3.3 Asymptotic result

We provide an asymptotic results, where we consider a general family of function spaces,

Besov spaces (Härdle et al., 2012; Triebel, 1992; Meyer, 1995). This family contains the

Sobolev space as a special case. In functional data analysis, people usually assume that

the coefficient function β(s) is a smooth function, that is, belongs to the Sobolev space.

The Besov spaces also contain other spaces that include nonsmooth and even noncontinuous

functions. The Besov spaces are denoted by Bαpq indexed by three parameters, p > 0, q > 0

and α > 0. The first two parameters specify the Lp and Lq norms used in the definition of

the Besov spaces and the index α > 0 is related to the level of local variations allowed for

functions in Bαpq. For any α > 0, when p = q = 2, Bα22 is a Hilbert space. So we only consider

the sub-family {Bα22 : α > 0}. When α = 2, B2
22 is the Sobolev space. When 0 < α < 1, Bα22

contains nonsmooth functions. In the following theorem, we provide an asymptotic result

for our method using the original penalty (3.2). A similar result and proof can be provided

for the penalty (3.4) with more complicated computations, which we do not pursue here.

Theorem 3.1. Suppose that β(s) ∈ Bα22 with some positive α. In the penalty (3.2), let J0 be

bounded, J1/{log2 n/(2α)} → d, λ = O(n−1) and κ = O(n−1) as n → ∞, where d > 1 is a

constant. If Conditions 1 and 2 (Section S.2.2 of supplementary material) are satisfied, we
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have

‖β − β̂‖L2 = Op(max{n−1/2(log n)d1 , n−d2}),

where d1 and d2 are two constants depending on α, but not on n.

4 Function-on-function regression

For simplicity, we consider the linear function-on-function regression model with a single

functional predictor (p = 1): Yi(t) = β0(t) +
∫ 1

0
Xi(s)β(s, t)ds + εi(t), 1 ≤ i ≤ n, where

(Yi(t), Xi(s))’s are n independent highly densely observed samples. The proposed method

can be directly extended to the general case of multiple predictor curves (p > 1).

Many existing estimates of β(s, t) are of the form
∑K

i=1

∑K
j=1 aijξi(s)ζj(t), for some posi-

tive integer K, where ξi(s)’s and ζj(t)’s are square integrable functions. For example, Ramsay

and Dalzell (1991) and Ramsay and Silverman (2005) use the B-spline basis functions for

ξi(s)’s and ζj(t)’s, and Yao et al. (2005) and Wu and Müller (2011) use the eigenfunctions

of the covariance function of X(s) for ξi(s)’s, and the eigenfunctions of the covariance func-

tion of Y (t) for ζj(t)’s. For a given K, Theorem 1 in Luo and Qi (2017) gives the optimal

decomposition of this form for prediction,
∑K

k=1 θk(s)wk(t), where θk(s) is the solution of a

generalized functional eigenvalue problem. We impose a penalty based on the new roughness

measures in this generalized eigenvalue problem to estimate θk(s)’s, and then use a penalized

least squares problem to obtain the estimates of wk(t)’s.

Let

B̂(s, s′) =
1

n2

n∑
i=1

n∑
j=1

{Xi(s)−X(s)}
[∫ 1

0
{Yi(t)− Y (t)}{Yj(t)− Y (t)}dt

]
{Xj(s

′)−X(s′)},

Σ̂(s, s′) =
1

n

n∑
i=1

{Xi(s)−X(s)}{Xi(s
′)−X(s′)}, (4.1)

where Y (t) =
∑n

i=1 Yi(t)/n and X(s) =
∑n

i=1 Xi(s)/n are mean curves. Then we get the
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estimates θ̂k(s), 1 ≤ k ≤ K, by solving the following sequential optimization problems,

max
θ

∫ 1

0

∫ 1

0
θ(s)B̂(s, s′)θ(s′)dsds′∫ 1

0

∫ 1

0
θ(s)Σ̂(s, s′)θ(s′)dsds′ + P (θ)

, (4.2)

subject to

∫ 1

0

∫ 1

0

θ(s)Σ̂(s, s′)θ(s′)dsds′ = 1,

and

∫ 1

0

∫ 1

0

θ̂(s)Σ̂(s, s′)θk′(s
′)dsds′ = 0 for k′ < k,

where P (θ) is our new penalty whose form will be given latter. With estimates θ̂1(s), · · · , θ̂K(s),

we calculate K new scalar variables: ẑik =
∫ 1

0
{Xi(s)−X(s)}θ̂k(s)ds, for 1 ≤ i ≤ n and 1 ≤

k ≤ K. We regress Yi(t)’s on these new scalar variables, and estimate β0(t), w1(t), · · ·wK(t)

by solving the penalized least squares problem

min
β0(t),

w1(t),··· ,wK(t)

 1

n

n∑
i=1

∫ 1

0

{
Yi(t)− β0(t)−

K∑
k=1

ẑikwk(t)

}2

dt+ P (β0) +

K∑
k=1

P (wk)

 , (4.3)

where P (β0) and P (wk)’s are penalties. We use the same form for all the penalties, but

choose different sets of tuning parameters for P (θ) in (4.2) and P (β0(t)) and P (wk)’s in

(4.3). Simply using the penalty of the form (3.2) involves too many tuning parameters

which leads to much heavy computational load. In the same spirit as in Section 3.1, we

propose the following modification of penalty (3.2)

P (γ) = λ

{
J1∑
j=0

eτ(j−J1)22αj‖bj‖2
2 + e−τJ1‖a0‖2

2

}
, (4.4)

where eτ(j−J1) is an exponential weight on the level j, and we extend the weights to the

wavelet coefficients in a0 as shown in the second term of (4.4). The exponential weight

function gives more weights on larger j’s. A larger τ leads to a larger value of the ratio of

the weight on a larger j to that on a smaller j. Compared to the weight 2−2αe−(j−τ)/α
in (3.4)

for the scalar-on-function regression, eτ(j−J1) has a larger tail as j → 0, and we have the

term e−τJ1‖a0‖2
2 in (4.4). This guarantees the unique solution of the generalized eigenvalue

problem in practice. Hence the second term in (3.2) is not necessary and dropped.

With the penalty (4.4), the problem (4.2) can be expressed a generalized eigenvalue

problem of the wavelet coefficient vector and the solution is the first eigenvector which can

be obtained by a power method. The solution to the penalized least squares problem (4.3)
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can be explicitly obtained. The optimal number K of components is chosen together with all

the tuning parameters through a similar cross-validation procedure as in Luo and Qi (2017).

We choose J1 from 1 to Jupper, where the upper bound Jupper is determined in the same way

as in Section 3.2 for scalar-on-function regression. We choose α from {0.1, 0.5, 1, 2}, λ from

{10−9, 10−6, 10−3, 1} and τ from {0.1, 1, 10}.

5 Simulation

5.1 Scalar-on-function regression

We consider two sets of simulation studies which are for scalar-on-function regression with

p = 1 and p > 1, respectively. We compare our new method (sof.spiky) to the penalized

functional regression with B-spline basis (pfr), the functional principal component regression

(fpcr), the functional partial least squares regression (fpls), the wavelet-based Lasso method

for functional linear regression (wLasso), and the wavelet-based weighted Lasso (wwLasso).

Our method, sof.spiky, is implemented in the R package FRegSigCom. The pfr (Ramsay and

Silverman, 2005; Goldsmith et al., 2011) is implemented in the R package refund. We use the

maximum number of basis functions allowed in the function “pfr” which is equal to the sam-

ple size minus one, and use the default cross-validation procedure. Both the fpcr and the fpls

(Silverman, 1996; Preda and Saporta, 2005; Reiss and Ogden, 2007) first conduct dimension

reduction to obtain new scalar predictor variables, and then regress the response variable on

these new variables. These two methods are implemented in the package fda.usc, and we

choose the penalty on the second derivative and use the default cross-validation procedure.

Zhao et al. (2012) and Zhao et al. (2015) propose to first transform the functional data to

wavelet domain and then regress the response variable on the wavelet coefficients using Lasso

or weighted Lasso. We use the R package wavethresh to conduct discrete wavelet transfor-

mation and then use the package glmnet to conduct Lasso or weighted Lasso procedure.

Simulation 1. We generate data from the model y = µ+
∫ 1

0
X(s)β(s)ds+ ε as follows.

(1). We consider two types of X(s) with sample curves shown in the top of Figure 3.
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• Type 1: wiggly sample curves generated from

X(s) =
15∑
k=1

[Vk1sin {2(2k + 30)πs}+ Vk2cos {2(2k + 30)πs}] , (5.1)

where Vkj ∼ N(0, 1/k1/2), 1 ≤ k ≤ 15 and j = 1, 2, are independent random variables.

• Type 2: smooth sample curves generated from a Gaussian processes with covariance

function exp{−300(s− s′)2}.

(2). We consider four types of β(s), denoted by β1(s) ∼ β4(s), and show them in the bottom

of Figure 3. The first three curves are highly spiky and their specific forms are given in

Section S.1.1 of the supplementary material. The last one is a smooth function.

• β1(s) is a linear combination of square waves with different frequencies. It is discon-

tinuous with jumps.

• β2(s) is a linear combination of triangle waves with different frequencies. It is contin-

uous but nonsmooth.

• β3(s) is not a fixed function. It is randomly generated from the AR(1) time series

model (autoregressive model of order one).

• β4(s) = e−8(s−0.5)2 .

(3). The random error ε ∼ N(0, σ2). We consider three noise levels, σ = 0.01, 0.1, and 1.

(4). We set µ = 1. When we generate the response, we scale the coefficient function such

that when σ = 1, the signal to noise ratio is equal to 1.

(5). Since the two methods, wLasso and wwLasso, need the fast wavelet transformation, we

choose 29 = 512 observation points equally spaced between 0 and 1 for all the sample curves.

(6). We totally have 24 settings corresponding to the 24 combinations of two types of X(s),

four types of β(s), and three values of σ. In each setting, we repeat the following procedure

100 times. In each repeat, we generate a training set of size 100 and a test set of size 500.

For each method, we use the training set to fit model and select tuning parameters, and

then apply the fitted model to the test data to predict the response. We calculate the mean

squared predictor error (MSPE) as

MSPE =
1

500

500∑
i=1

(ypred
i − F test

i )2, where F test
i = µ+

∫ 1

0

Xtest
i (s)β(s)ds, (5.2)
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where Xtest
i (s) is the i-th sample curve in the test set, and ypred

i is the predicted response for

this observation. The averages and standard deviations of the MSPEs from 100 replicates

are summarized in Table 1 which show some interesting patterns.

(1). When both X(s) and β(s) are spiky (type 1 for X(s) and types 1 ∼ 3 for β(s)) and

the noise is relatively small (σ = 0.01, 0.1), our method has obvious advantages over other

methods. For example, when σ = 0.01, the MSPEs of other methods are at least 40 times

higher than ours. When the noise is relatively small, the effect of the noise on prediction

performance is relatively small. So the low MSPEs of our method imply that the new regu-

larization is quite efficient for spiky functions.

(2). When both X(s) and β(s) are spiky and the noise is relatively large (σ = 1), the

MSPEs of wLasso and wwLasso are close to or slightly higher than those of our method,

and lower than other methods. We plot the wavelet coefficients of β1(s) ∼ β3(s) in Figure

S.2 in Section S.1.1 of supplementary material. These plots show similar patterns as those

in Fig.1.6 of the book Nason (2010), where they provide an example of non-sparse wavelet

coefficients. So the sparsity penalty does not provide good regularization for β1(s) ∼ β3(s)

whose wavelet coefficients are not sparse when the noise level is low. However, when the noise

is large, the weak signals corresponding to the wavelet coefficients with small magnitudes

are overwhelmed by the noise and cannot be estimated accurately, whereas the large wavelet

coefficients are sparse. So the sparsity penalty is effective in this situation, and leads to the

good performance of wLasso and wwLasso.

(3). When both X(s) and β(s) are smooth (type 2 for X(s) and type 4 for β(s)), the

MSPEs of our method and pfr are very close and lower than other methods, especially when

σ = 0.01. The pfr uses the smoothness penalty on the second derivative of β(s). So when

both X(s) and β(s) are smooth, the simulation results suggest that our penalty has a similar

effect as the smoothness penalty.

(4). When one of X(s) and β(s) is smooth, and the other is spiky, our method has the lowest

MSPEs.

(5). The fpls has similar performance as wLasso and wwLasso, especially when X(s) is spiky.

The fpcr has the highest MSPE in almost all settings, which implies that these βi(s)’s are

not well approximated by the linear combinations of the calculated PC functions from the
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predictor curves.

Simulation 2. We generate the observations from the model y = µ+
∑4

i=1

∫ 1

0
Xi(s)βi(s)ds+

ε with four predictor curves.

(1). We consider two types of (X1(s), . . . , X4(s)).

• Type 1: We first generate Wj(s), 1 ≤ j ≤ 6, independently from the process on the right

hand side of (5.1). Then we take Xi(s) = {Wi(s) + Wi+1(s) + Wi+2(s)}/3, 1 ≤ i ≤ 4.

So Xi(s)’s are spiky curves and correlated.

• Type 2: We first generate Wj(s), 1 ≤ j ≤ 6, independently from the same Gaussian

process as in type 2 of X(s) in Simulation 1. Then we take Xi(s) = {Wi(s)+Wi+1(s)+

Wi+2(s)}/3, 1 ≤ i ≤ 4, and the Xi(s)’s are smooth and correlated.
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Table 1: The averages (and standard deviations) of MSPEs from 100 replicates for Simulation
1.

σ X β sof.spiky pfr fpcr fpls wLasso wwLasso

0.01

1

1 4.54(1.35)×10−5 0.587(0.191) 0.711(0.105) 0.002(0.001) 0.003(0.001) 0.004(0.002)

2 4.37(1.32)×10−5 0.075(0.106) 0.529(0.147) 0.002(0.001) 0.002(0.001) 0.003(0.001)

3 4.43(1.50)×10−5 0.052(0.154) 0.656(0.174) 0.002(0.002) 0.002(0.001) 0.004(0.002)

4 2.10(1.04)×10−5 4.80(1.59)×10−5 0.733(0.140) 0.001(0.002) 0.001(0.000) 0.002(0.001)

2

1 8.00(2.59)×10−5 8.65(2.37)×10−5 0.174(0.069) 0.008(0.003) 0.013(0.007) 0.093(0.035)

2 8.28(2.17)×10−5 11.3(1.63)×10−5 0.281(0.093) 0.017(0.004) 0.003(0.002) 0.070(0.006)

3 7.13(2.23)×10−5 8.46(2.92)×10−5 0.284(0.153) 0.010(0.005) 0.031(0.035) 0.055(0.027)

4 1.60(0.71)×10−5 1.68(0.60)×10−5 0.018(0.021) 0.001(0.001) 0.001(0.000) 0.001(0.000)

0.1

1

1 4.48(1.42)×10−3 0.591(0.174) 0.721(0.120) 0.009(0.006) 0.006(0.002) 0.008(0.003)

2 4.63(1.45)×10−3 0.125(0.107) 0.494(0.147) 0.009(0.007) 0.006(0.002) 0.007(0.003)

3 4.42(1.31)×10−3 0.057(0.126) 0.620(0.157) 0.009(0.006) 0.006(0.002) 0.008(0.003)

4 0.73(0.73)×10−3 3.46(0.98)×10−3 0.836(0.150) 0.009(0.005) 0.002(0.001) 0.004(0.001)

2

1 5.15(1.72)×10−3 5.50(1.40)×10−3 0.170(0.072) 0.011(0.004) 0.039(0.016) 0.092(0.037)

2 5.39(1.95)×10−3 5.64(2.01)×10−3 0.311(0.108) 0.020(0.005) 0.020(0.008) 0.073(0.026)

3 4.52(1.38)×10−3 5.91(2.32)×10−3 0.292(0.154) 0.012(0.006) 0.060(0.048) 0.055(0.032)

4 1.02(0.56)×10−3 0.90(0.61)×10−3 0.053(0.050) 0.005(0.002) 0.004(0.002) 0.001(0.001)

1

1

1 0.328(0.113) 0.823(0.122) 0.952(0.228) 0.466(0.111) 0.350(0.108) 0.323(0.106)

2 0.305(0.085) 0.397(0.076) 0.717(0.235) 0.371(0.098) 0.370(0.110) 0.366(0.105)

3 0.325(0.116) 0.481(0.159) 0.799(0.203) 0.410(0.121) 0.349(0.094) 0.365(0.117)

4 0.058(0.058) 0.054(0.041) 0.962(0.253) 0.454(0.102) 0.105(0.071) 0.198(0.101)

2

1 0.273(0.138) 0.478(0.067) 0.316(0.104) 0.356(0.074) 0.620(0.188) 0.311(0.096)

2 0.283(0.105) 0.431(0.065) 0.430(0.142) 0.378(0.094) 0.533(0.157) 0.292(0.088)

3 0.246(0.105) 0.340(0.132) 0.437(0.166) 0.314(0.092) 0.667(0.189) 0.253(0.079)

4 0.058(0.045) 0.051(0.037) 0.188(0.070) 0.123(0.058) 0.218(0.113) 0.071(0.054)

(2). We consider two types of (β1(s), . . . , β4(s)).

• Type 1: The βi(s)’s are randomly generated from the AR(1) time series model. The
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details are given in Section S.1.2 in supplementary material. They are spiky functions.

• Type 2: We choose the following smooth functions

β1(s) = e−40(s−0.25)2 + e−40(s−0.75)2 , β2(s) = cos(4πs), β3(s) =
sin(5πs)

1 + s2
, β4(s) =

√
s.

(3). The random error ε ∼ N(0, σ2). We consider three noise levels, σ = 0.01, 0.1, 1.

(4). We set µ = 1. When we generate the response, we scale βi(s)’s with the same scaling

factor such that the signal to noise ratio is 1 as σ = 1.

(5). Because the implementations for pfr, fpcr and fpls are not available for four predictor

curves, we compare our methods to wLasso and wwLasso.

(6). As in simalation 1, we still choose 512 equally spaced observation points for all the

sample curves.

The averages and standard deviations of the MSPEs from 100 replicates are summarized in

Table 2 which exhibit similar patterns as in Simulation 1. When the noise level is relatively

small, our MSPEs are much smaller than the other two sparse methods. When the noise

level is relatively large (σ = 1), although the superiority is not as strong, our method still

has the lowest prediction error.

5.2 Function-on-function regression

We provide a set of simulation studies for linear function-on-function model with a single

predictor curve. The model with multiple predictor curves will be illustratrted in real data

analysis. We compare our new linear function-on-function regression method (fof.spiky) with

the following methods. The smooth-SigComp in Luo and Qi (2017) uses the dimension reduc-

tion method mentioned in Section 4 and imposes smoothing penalties. The sparse-SigComp

in Luo et al. (2016) first conducts wavelet transformation on the functional predictors and

then regress the response curve on the wavelet coefficient vector of predictor curves with

the similar dimension reduction as in smooth-SigComp, and impose sparse and smoothing

penalties. The functional principal component regression (Yao et al., 2005) performs the

PCA on both predictor curves and response curves and use these eigenfunctions to expand

the coefficient kernel function. There are three varieties for the functional principal compo-

nent regression with different methods of choosing the number of components: using AIC
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(pace.aic), BIC (pace.bic), or the fraction of variance explained (pace.fve). The penalized

function-on-function regression (pffr implemented in the R package refund) by Ivanescu

et al. (2014) has been considered but it is slow for highly densely observed data, so we

do not include it in the comparison. The fof.spiky, smooth-SigComp and sparse-SigComp

are implemented in the R package FRegSigCom, and the pace.aic, pace.bic and pace.fve are

implemented in the R package fdapace.

Table 2: The averages (and standard deviations) of MSPEs from 100 replicates for Simulation
2.

σ X β sof.spiky wLasso wwLasso

0.01

1
1 0.060(0.024) 0.139(0.041) 0.160(0.047)

2 3.98(1.24)×10−5 5.64(1.64)×10−3 11.1(3.1)×10−3

2
1 0.007(0.004) 0.516(0.143) 0.097(0.033)

2 1.75(0.61)×10−4 0.102(0.035) 0.012(0.004)

0.1

1
1 0.107(0.034) 0.162(0.050) 0.177(0.052)

2 0.0018(0.0012) 0.012(0.003) 0.017(0.005)

2
1 0.037(0.013) 0.540(0.151) 0.101(0.031)

2 0.0075(0.0026) 0.123(0.048) 0.015(0.004)

1

1
1 0.63(0.21) 0.76(0.20) 0.77(0.18)

2 0.130(0.076) 0.248(0.093) 0.365(0.136)

2
1 0.46(0.15) 0.94(0.16) 0.54(0.14)

2 0.27(0.10) 0.73(0.18) 0.27(0.10)

Simulation 3. We generate data from the model Y (t) =
∫ 1

0
X(s)β(s, t)ds+ ε(t) as follows.

(1). We consider two types of X(s) in the same way as in Simulation 1. Type 1 has spiky

sample curves and type 2 has smooth sample curves.

(2). We consider three types of β(s, t), denoted by β1(s, t) ∼ β3(s, t). The first two are

highly spiky, and the third is smooth. The specific forms of these functions are given in

Section S.1.3 of the supplementary material.

(3). The random error ε(t) ∼ N(0, σ2) for any 0 ≤ t ≤ 1. We consider three noise levels,

σ = 0.01, 0.1, 1. When we generate the response, we scale β(s, t) such that the signal to
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noise ratio is 1 as σ = 1.

(4). Since the sparse-SigComp conducts the fast wavelet transformation only for X(s), we

choose 29 = 512 observation time points equally spaced between 0 and 1 for the sample

curves of X(s), but 500 equally spaced time points between 0 and 1 for Y (t).

(5). In smooth-SigComp, we need to specify the number of basis functions for the estima-

tion of θk(s)’s and wk(t)’s in the decomposition of β(s, t), respectively. To do that, we note

that in fof.spiky, we estimate the same decomposition but with wavelet basis functions. As

described in the last paragraph of Section 3.2, the number of wavelet basis functions for the

estimation of θk(s)’s can be larger than 512 if J1 = 8, or smaller than 512 if J1 < 8. So

for the purpose of comparison, in smooth-SigComp, we choose 512 B-spline basis functions

for θk(s)’s, and by the same reason, choose 500 B-spline basis functions for wk(t)’s since the

number of observation points for Y (t) is 500. In sparse-SigComp, by default, the number

of the B-spline basis for the estimation of functions of t is equal to the number 500 of the

observation time points of Y (t).

As in Simulations and 1 and 2, for each setting, we repeat the simulation 100 times.

The averages and standard deviations of the MSPEs from 100 replicates are summarized in

Table 3. As pace.aic and pace.bic have very close results, we only list the results of pace.aic.

The table shows the following patterns.

(1). When at least one of X(s) and β(s, t) is spiky (type 1 for X(s), or types 1 ∼ 2 for

β(s, t)) and the noise is relatively small (σ = 0.01, 0.1), fof.spiky has advantages over other

methods, especially when both X(s) and β(s, t) are spiky.

(2). When at least one of X(s) and β(s, t) is spiky and the noise is relatively large (σ = 1),

the MSPEs of sparse-SigComp are close to or slightly higher than those of fof.spiky, and

lower than other methods. This pattern may be explained by the similar reasons described

in Simulation 1.

(3). When both X(s) and β(s, t) are smooth (type 2 for X(s) and types 3 for β(s, t)), if the

noise is small (σ = 0.01), smooth-SigComp has the lowest MSPE, followed by fof.spiky. If the

noise is relatively large (σ = 0.1, 1), fof.spiky has similar performance as smooth-SigComp

and sparse-SigComp.
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(4). When the noise is relatively small (σ = 0.01, 0.1), pace.fve is better than pace.aic and

pace.bic. But if the noise is relatively large, there is no obvious pattern about the performance

of these three methods. The high MSPEs of the functional principal component regression

methods imply that these βi(s, t)’s cannot be well approximated by the selected PC functions

of the covariances of X(s) and Y (t).

Table 3: The averages (and standard deviations) of MSPEs from 100 replicates for Simulation
3.

σ X β fof.spiky smooth-SigComp pace.aic pace.fve sparse-SigComp

0.01

1

1 4.7(0.2)×10−5 5.2(0.8) ×10−2 0.169(0.113) 0.039(0.058) 6.2(0.9)×10−4

2 3.8(0.1)×10−3 1.3(0.2) ×10−1 0.048(0.018) 0.012(0.009) 1.3(0.2)×10−2

3 2.7(0.2)×10−6 1.2(0.7) ×10−3 0.037(0.026) 0.014(0.016) 1.2(4.1)×10−5

2

1 4.8(0.2)×10−5 5.8(0.9)×10−2 0.395(0.070) 0.191(0.031) 2.0(2.0)×10−3

2 2.2(0.1)×10−3 1.9(0.5) ×10−2 0.616(0.076) 0.247(0.063) 8.6(3.8)×10−3

3 2.6(0.2)×10−6 3.5(0.8) ×10−7 0.001(0.001) 3.6(3.0)×10−4 2.3(1.2)×10−5

0.1

1

1 4.7(0.3)×10−4 5.4(2.1) ×10−2 0.162(0.088) 0.027(0.033) 1.7(0.9)×10−3

2 5.0(0.1)×10−3 1.3(0.2) ×10−1 0.058(0.020) 0.017(0.009) 2.6(0.2)×10−2

3 2.5(0.4)×10−5 1.3(0.5) ×10−2 0.022(0.025) 0.019(0.015) 2.8(0.5)×10−5

2

1 5.3(0.3)×10−4 6.0(1.1) ×10−2 0.391(0.062) 0.195(0.036) 2.2(1.7)×10−3

2 3.3(0.1)×10−3 2.1(0.4) ×10−2 0.629(0.070) 0.270(0.084) 9.3(9.8)×10−3

3 2.2(0.4)×10−5 2.1(0.3) ×10−5 0.003(0.001) 0.003(0.000) 2.4(0.5)×10−5

1

1

1 1.4(0.2)×10−2 1.2(0.4) ×10−1 0.465(0.105) 0.432(0.043) 1.4(0.2)×10−2

2 7.8(0.3)×10−2 2.2(0.1) ×10−1 0.343(0.022) 0.410(0.017) 9.0(0.3)×10−2

3 1.3(0.3)×10−3 3.0(1.0) ×10−2 0.329(0.028) 0.412(0.021) 1.8(0.5)×10−3

2

1 1.3(0.1)×10−2 1.1(0.2) ×10−1 0.585(0.072) 0.453(0.040) 1.2(0.1)×10−2

2 4.7(0.3)×10−2 1.2(0.2) ×10−1 0.816(0.080) 0.543(0.077) 5.4(0.8)×10−2

3 1.2(0.3)×10−3 1.5(0.3) ×10−3 0.188(0.008) 0.262(0.015) 1.5(0.3)×10−3
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6 Real data analysis

We apply the proposed methods to two real data sets: Pork data (scalar-on-function regres-

sion) and EEG data (function-on-function regression).

6.1 Pork data

This data set (http://www.models.life.ku.dk/RAMANporkfat) was collected by Lyndgaard

et al. (2012) from 105 samples of fat taken from the daily production stock of a slaughter-

house. The spectrum of Raman spectroscopy of each sample, together with the percentage

of the unsaturated fatty acid, was obtained. We show the spectrum curves of all 105 samples

in the top-left of Figure 4. It is of interest to predict the percentage of unsaturated fatty acid

(the response variable y) in a pork sample using its spectrum curve of Raman spectroscopy.

The response variable has been centered and scaled to have variance one.

We apply the methods considered in Simulation 1 to the pork data. There are 5, 667

equally spaced observation points in each sample curve. The fpcr and fpls cannot handle

data with such large number of observation points. So we first consider a revised data

by taking one from every ten observation time points in the original sample curves. The

revised sample curves have 566 observation points. We repeat the following procedure 100

times using the revised sample curves. In each iteration, we randomly split the total 105

observations into a training set with 80 observations and a test set with 25 observations.

For each method, we fit models and choose tuning parameters using the training data and

calculate the MSPEs using the test set. To evaluate the goodness of fitting, we also calculate

the R2 for the final model of each method. Because 566 is not a power of two, for wLasso

and wwLasso, we use the R function approx to interpolate the values of the sample curves at

512 equally space observation points. The averages (and standard deviations) of the MSPEs

and R2’s over 100 repeats are provided in Table 4. The boxplots of MPSEs are shown in the

right panel of Figure 4. The averaged MSPE of fpls is 22.9% higher than our method, and

other methods are 34%∼126% higher than our method.

Next, we apply all methods except fpcr and fpls to the original dataset with 5, 667

observation time points for each curve. For wLasso and wwLasso, we interpolate the values
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of sample curves at 212 = 4, 096 equally spaced observation points. We repeat the similar

procedure as above, and the averages (and standard deviations) of the MSPEs and R2’s are

very close to those in Table 4. In most of repeats for both the revised data and the original

data, the optimal finest level J1 chosen by our method is either 6 or 7. This implies that

the information about the variation in X(s) at finer resolution level than 7 is not helpful for

predicting y, which explains the phenomena that in our method, the averaged MSPEs for

the original data and the reduced data are almost the same.

Table 4: The averages (and standard deviations) of MSPEs from 100 replicates in the analysis
of the pork data.

sof.spiky fpls fpcr pfr wLasso wwLasso

MSPE 0.35(0.09) 0.43(0.12) 0.51(0.11) 0.47(0.10) 0.56(0.13) 0.79(0.18)

R2 76.4(5.4)% 66.7(6.4)% 57.1(4.8)% 57.5(4.2)% 68.0(13.0)% 22.7(3.4)%

Finally, we use all 105 observations in the original data and our method to fit the model.

The estimated coefficient curve β̂(s) is plotted in the left bottom of Figure 4, which is wiggle

over the whole interval. The largest peak and the largest valley occur at 1734.2 cm−1 and

1648.8 cm−1, respectively, which correspond to the first and the second peak from the right in

the spectrum curves. So the percentage of the unsaturated fatty acid (the response variable)

may be related to the variations of Raman intensity at these two peaks.

6.2 EEG data

We consider an EEG data set (https://openfmri.org, access number ds000116) from the

Auditory and Visual Oddball EEG-fMRI project (Walz et al., 2013). This data set was

recoded using a custom-built MR-compatible EEG system, with 36 electrodes arranged as

43 bipolar pairs and sampling rate 1000 Hz. We use the data for one individual which were

recorded in 6 runs, and each run lasted 340 seconds. In each run, the data contains 43

time series corresponding to 43 bipolar pairs. We partition each time series into one-second

segments and view each segment as a sample curve which has 1000 observation time points.

We remove segments in the first 20 seconds and last 20 seconds to avoid artificial effects.

So for each of the 43 bipolar pairs, we have 300 sample curves in each run and totally 1800

25



samples curves in all the six runs. Based on the figure of the positions of the 43 bipolar pairs

shown in the supplementary material of Walz et al. (2013), we use the sample curves for the

bipolar pair #32 as response and the samples curves for its five neighboring bipolar pairs,

#31, #33, #30, #26, #34, as five predictor curves to build a function-on-function regression

model to study their relationship. We plot three sample curves for each of the response and

five predictor curves in Figure 5. All the curves are spiky and exhibit large local variations

across the whole interval.

We compare fof.spiky to smooth-SigComp and sparse-SigComp, and do not include the

functional principal component regression method due to its heavy computational load. By

the same reasoning as in Simulation 3, we use 1000 (the number of observation points in

sample curves) B-spline basis functions in smooth-SigComp. In sparse-SigComp, we inter-

polate the values of sample curves at 210 = 1, 024 equally spaced observation points for the

FWT. We repeat the following procedure 100 times. In each repeat, we randomly split the

data into a training set with 100 observations and a test set with 1700 observations. We use

the training data to select tuning parameters and build the final models, and the test data

to calculate the prediction errors. In addition, we calculate the R2 defined as

R2 = 1−
∑100

l=1

∑1000
m=1

(
ŷfit
l (tm)− ytrain

l (tm)
)2∑100

l=1

∑1000
m=1

(
ytrain
l (tm)− ȳtrain(tm)

)2 ,
which is an extension of the usual R2 for scalar responses and is a measure for goodness

of fit. We summarize the results in Table 5. The average MSPEs of smooth-SigComp and

sparse-SigComp are 78% and 117% higher than that of fof.spiky, respectively.

Table 5: Averages and standard deviations (in parenthesis) of the MSPE and R2 from 100
replicates in the analysis of the EEG data.

fof.spiky smooth-SigComp sparse-SigComp

MSPE 0.130(0.005) 0.282(0.018) 0.232(0.028)

R2 0.967(0.004) 0.939(0.007) 0.938(0.006)

Finally, we fit the model using all 1800 observations and fof.spiky. The estimated β̂j(s, t)’s

are drawn as three-dimensional surface plots in Figure 6 and as two-dimensional image plots

in Figure 7. All β̂j(s, t)’s are spiky functions with many peaks and valleys distributed over

the region [0, 1]× [0, 1], especially around the diagonal line s = t. They all have a deep and
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narrow valley along the diagonal, with one or more ridges slightly off the diagonal. These

patterns imply that there is a spontaneous negative correlation between Y (t) and Xj(t),

and a positive correlation between Y (t) and Xj(s) when s is slightly away from t. These

correlations decay and their signs alternate as the time lag between s and t increases.

7 Discussion

We consider scalar-on-function linear regression and function-on-function linear regression

models for highly densely observed functional data. To make the model more flexible and

account for the complex local variation patterns, we allow the coefficient functions to be

smooth, nonsmooth, or even discontinuous functions. We propose a family of new roughness

measures based on the moduli of continuity and wavelet transformation. They can be applied

to general functions and contain the integral of squared derivative as a special case. Based

on this new family, we proposed new regularization and new estimation methods for the

two types of regression models. These methods have been implemented in the R package

FRegSigCom.

The simulation studies and real data applications illustrate that the new methods have

good predictive performance for various coefficient functions and predictor curves with highly

densely observation points, especially for spiky coefficient and spiky predictor curves. These

results suggest that the new regularization is particular suitable for highly densely spiky

data compared to the smoothness regularization and sparsity regularization.

In addition to the two types of regression models considered here, the proposed new

regularization framework can be easily applied to other regression models and dimension

reduction methods. In addition, in two-dimensional functional data, such as medical images,

much more complicated local variation features are presented than those in one-dimensional

data. More applications of the new regularization framework in two-dimensional functional

data can be expected.
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Figure 1: Top: three step functions, β1(s) ∼ β3(s), used as examples in Section 2. Middle:

plots of log10

{
ω(βi, r)

2/rδ
}

versus r for the three step functions and δ = 2, 1, 0.5, respectively.

Bottom: plots of log10 {I(βi(s), α, j)} versus j for the three step functions and α = 2, 1, 0.5,

respectively.
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Figure 2: Plots of functions, ρ(t) (black curve) with J0 = 4 and J1 = 8, and ρ1(t) (red and

blue curves) with α = 0.1, 0.5 and τ = 3.5, 4, 4.5, respectively.
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Figure 3: Top: three sample curves for each of two types of X(s) in Simulation 1. Bottom:

four types of coefficient functions β1(s) ∼ β4(s) in Simulation 1.
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Figure 4: Top left: the spectrum curves of Raman spectroscopy for all 105 samples in pork
data. The x-axis is the Raman shift (cm−1) from 202.8 to 1897.8, and the y-axis is the

Raman intensity. Bottom left: the estimate β̂(s) using sof.spiky on all data. Right: the
boxplots of MPSEs for the six methods in 100 repeats.
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Figure 5: The three samples curves for each of the response and five predictor variables in
EEG data.
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Figure 6: The three-dimensional surface plots of the estimated coefficient functions in the
EEG data.
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Figure 7: The two-dimensional image plots of the estimated coefficient functions in the EEG
data.
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